A universal Lagrangian that defines various four-dimensional massive YangMills theories without Higgs bosons is presented. Each of the theories is characterized by a constant k contained in the Lagrangian. For k = 0, the Lagrangian reduces to one defining the topologically massive Yang-Mills theory, and for k = 1, the Lagrangian reduces to one defining the Freedman-Townsend model. New massive Yang-Mills theories are obtained by choosing k to be real numbers other than 0 and 1.
Understanding of mass generation for gauge fields is one of the most important subjects discussed in the non-Abelian gauge theories. The Higgs model is widely accepted at present as a popular model describing mass generation for Yang-Mills fields in four dimensions. Although the Higgs model is attractive because of its renormalizable structure, the Higgs bosons have not been found experimentally yet. Hence, four-dimensional massive Yang-Mills theories without Higgs bosons may be useful as alternative (or effective) theories of the Higgs model.
Until recently, several massive Yang-Mills theories in four dimensions that involve no Higgs bosons have been presented. The oldest theory is the nonAbelian Stückelberg formalism [1] or, equivalently, the gauged nonlinear sigma model [2] . The non-Abelian Stückelberg formalism has actually been applied to the construction of an electroweak model [3] , and to the description of gluon mass generation in continuum QCD [4] .
Besides the non-Abelian Stückelberg formalism, a model presented by Freedman and Townsend [5] is known as a four-dimensional massive Yang-Mills theory without Higgs bosons. This model is constructed with a non-Abelian rank-2 antisymmetric tensor field, which is treated in this model as an auxiliary field. Freedman and Townsend showed the classical equivalence of their model to the non-Abelian Stückelberg formalism.
Recently, another four-dimensional massive Yang-Mills theory without Higgs bosons has been presented by Lahiri and by Barcelos-Neto, Cabo and Silva [6] . This theory is formulated as a non-Abelian generalization of the topologically massive Abelian gauge theory (TMAGT) discussed in [7] , and will be called, in the present paper, "topologically" massive Yang-Mills theory (TMYMT). A non-Abelian rank-2 antisymmetric tensor field introduced in the TMYMT has own kinetic term in the Lagrangian, and is not treated as an auxiliary field. A electroweak model based on this theory has also been considered by Barcelos-Neto and Rabello [8] .
In the present paper, we would like to propose a universal Lagrangian that defines various four-dimensional massive Yang-Mills theories without Higgs bosons. We demonstrate that the Lagrangian for the TMYMT and that for the FreedmanTownsend model are obtained by choosing a constant contained in the universal Lagrangian to be suitable numbers. In addition to the TMYMT and the Freedman-Townsend model, the universal Lagrangian defines new massive YangMills theories without Higgs bosons.
Let us begin by considering a four-dimensional non-Abelian gauge theory defined by the Lagrangian
with
Here A µ is a Yang-Mills field, B µν is a non-Abelian antisymmetric tensor field, φ µ and U µ are non-Abelian vector fields, m is a constant with dimensions of mass, and k and q are dimensionless constants. [ The conventions for the metric signature and the Levi-Civita symbol are (+, −, −, −) and ǫ 0123 = −1. ] All the fields take values in the Lie algebra of a compact semisimple gauge group G, and are expanded as X = dimG a=1 X a T a with respect to the generators T a of G. Under the gauge transformation
with the Lie algebra valued parameters λ and Λ µ , 1 the Lagrangian L (k) remains invariant up to total derivative terms. The Euler-Lagrange equations for B µν , φ µ and U µ are derived from L (k) as follows:
where
We find from Eqs. (4), (5) and (6) Before proceeding to discuss the non-Abelian theory, let us consider the Abelian case G = U(1). The Lagrangian L (k) then takes the following form:
Here it should be noted that the Lagrangian L A does not contain φ µ and k. In this case, Eq.(8) becomes a simple equation ǫ µνρσ ∂ ρ (A σ − U σ ) = 0, which can locally be solved as
with a scalar field ϕ. Substituting Eq. (14) into Eq. (13), we have the Lagrangian defining the Abelian Stückelberg formalism:
On the other hand, Eq.(10) becomes
where H µνρ ≡ ∂ µ B νρ + ∂ ν B ρµ + ∂ ρ B µν . Substituting Eq.(16) into Eq.(13) and removing a total derivative term, we obtain the Lagrangian defining the TMAGT in four dimensions [7] :
Thus, using an equation of motion, L A reduces to L AS or L TA ; the Lagrangians L AS and L TA are classically equivalent. Their equivalence is also established at the quantum level by using the path-integral method [10] . Equations (14) and (16) give the relation mA µ − ∂ µ ϕ = 1 6 ǫ µνρσ H νρσ , which demonstrates the duality between ϕ and B µν . The TMAGT is therefore dual to the Abelian Stückelberg formalism both at the classical and quantum levels.
We now return to the non-Abelian theory. Apart from the trace over the generators T a , the Lagrangian L A is just the quadratic part of L (k) . From this we see that L (k) describes a massive Yang-Mills field with (bare) mass m. Let us first consider the case k = 0. In this case, the right-hand side of Eq.(10) does not include U µ , which makes possible to eliminate U µ from the Lagrangian L (0) , given by Eq.(1) with k = 0, so as to get a polynomial Lagrangian containing no
and removing a total derivative term, we obtain
The same is also obtained, quantum mechanically, by carrying out the Gaussian integration over U µ in the vacuum-to-vacuum amplitude based on L (0) . Hence, L (0) is equivalent to L T both at the classical and quantum levels. The massive Yang-Mills theory defined by the Lagrangian L T , which we call topologically massive Yang-Mills theory (TMYMT), has been presented by Lahiri and by BarcelosNeto, Cabo and Silva [6] as a non-Abelian version of the TMAGT discussed in [7] . The quantization of the TMYMT has recently been studied by Lahiri and by Hwang and Lee [11] . A characteristic of L T is that it includes a polynomial kinetic term for B µν . We would like to emphasize that unlike in the Abelian case, the vector field φ µ is essential to the TMYMT to maintain the non-Abelian gauge symmetry.
We next consider the case k = 1. The Lagrangian L (1) , given by Eq.(1) with k = 1, can be written as
and f µν is the field strength of V µ ≡ A µ − U µ :
Notice that the second and third terms in L (1) have simply been expressed with the tensor field B µν ; the vector field φ µ hides in B µν , and does not occur in L FT explicitly. The massive Yang-Mills theory defined by the Lagrangian L FT has been presented by Freedman and Townsend [5] , and is called the FreedmanTownsend model. The quantization of the Freedman-Townsend model has been studied by Thierry-Mieg and Baulieu in a systematic manner [12] . From Eqs. (4)- (7), the gauge transformation rules of B µν and V µ are found to be
Clearly, L FT is gauge-invariant up to a total derivative term. The Euler-Lagrange equation for B µν is
which agrees with Eq. (8) with k = 1. In the case k = 1, Eq. (9) reduces to the commutator of Eq. (8) and U ν with the summation over ν, and hence is not an independent equation of motion. For this reason, it is not necessary to take into account Eq. (9) with k = 1; the vector field φ µ is not essential to the FreedmanTownsend model. If U µ is eliminated from L FT by repeatedly using Eq.(10) with k = 1, then L FT turns out to be a Lagrangian including a nonpolynomial kinetic term for B µν . This shows a difference between the TMYMT and the FreedmanTownsend model. The equation (25) can locally be solved as 
The Freedman-Townsend model is therefore classically equivalent to the non-Abelian Stückelberg formalism [5] . Since the TMYMT is classically different from the Freedman-Townsend model, the TMYMT can not be considered, at least classically, the dual theory of the non-Abelian Stückelberg formalism. [ In the Abelian limit q → 0, the TMYMT becomes dual to the Stückelberg formalism both at the classical and quantum levels. ] The classically dual theory of the non-Abelian Stückelberg formalism is described by the nonpolynomial Lagrangian that is obtained by eliminating U µ from L FT by repeatedly using Eq.(10) with k = 1 expressed as
The nonpolynomial Lagrangian is thus written in terms of A µ and B µν . The duality between ϕ(≡ ϕ a T a ) and B µν is guaranteed from the relation U µ = 1 2m ǫ µνρσ (∂ ν B ρσ + · · ·) whose right-hand side is a power series that is determined from Eq.(28) by iteration with respect to U µ .
The equivalence and the difference between the massive Yang-Mills theories characterized by L T , L FT , and L S have been discussed at the classical level with aid of the equations of motion. In general, classical equivalence between two theories does not imply their equivalence at the quantum level [13] , and vice versa [14] . Since the Lagrangians L T , L FT , and L S involve interaction terms, that is, the terms disappearing in the Abelian limit, it is by no means clear whether the equivalence and the difference discussed above persist at the quantum level. Further study is needed to understand quantum-mechanical equivalence and difference between the massive Yang-Mills theories.
The Lagrangian L (k) can collectively define various four-dimensional massive Yang-Mills theories distinguished by the constant k. Among them, the TMYMT and the Freedman-Townsend model, which correspond to the cases k = 0 and k = 1 respectively, are considered particular theories. We would like to emphasize in this paper that besides these known theories, there exist new massive YangMills theories obtained by choosing k to be real numbers other than 0 and 1. It should be noted that the new theories need both the vector fields φ µ and U µ : φ µ and U µ are necessary for L (k) to be gauge invariant up to total derivative terms and to be polynomial, respectively. Since L (k) describes various four-dimensional massive Yang-Mills theories without Higgs bosons, we may call L (k) a "universal" Lagrangian for massive Yang-Mills theories without Higgs bosons. In the Abelian limit, L (k) becomes independent of k; that is, all the massive Yang-Mills theories defined by L (k) have the same Abelian limit. Apart from the trace over the generators T a , this limit can be regarded as the TMAGT because of the equivalence of L A and L TA .
Non-Abelian generalizations of the TMAGT have also been studied in terms of the antifield-BRST method without introducing extra fields such as φ µ and U µ [15] . This study concludes that it is not possible to generalize L TA so as to incorporate power-counting renormalizable interaction terms consisting only of A µ and B µν . Obviously the non-Abelian generalizations defined by L (k) lie outside the scope of the proof in Ref. [15] .
Needless to say, it is important to investigate the renormalizability and the unitarity of the massive Yang-Mills theories defined by L (k) . Beginning the investigation, we, however, face a difficulty at once: the vector field φ µ has no kinetic term in L (k) , and, in the Abelian limit, disappears from L (k) . Consequently, the ordinary perturbative procedures can not be used to investigate the renormalizability of the theories. In addition, the proof of unitarity based on the Kugo-Ojima quartet mechanism [16] can not be applied to the theories. The point we have to consider first is therefore how we should treat φ µ within the framework of the perturbation theory.
As for the Freedman-Townsend model, the problem of disappearing φ µ can be avoided by treating B µν as a fundamental field. The unitarity of the FreedmanTownsend model is then shown in terms of the Kugo-Ojima quartet mechanism, while the renormalizability of the model is still an open question; it is by no means obvious whether the perturbatively nonrenormalizable structure of the non-Abelian Stückelberg formalism in four dimensions [17] persists in the Freedman-Townsend model, because their equivalence is not clear at the quan-tum level. Thus, the renormalizability of the Freedman-Townsend model should also be studied in the future.
